Abstract. We prove that the K-group of reciprocity functors, defined by F. Ivorra and the first author, vanishes over a perfect field as soon as one of the reciprocity functors is Ga and one is an abelian variety.
Introduction
We work over a perfect base field k of characteristic p ≥ 0. Stemming from B. Kahn's idea [K] , F. Ivorra and the first author developed a theory of reciprocity functors in [IR] . We recall relevant facts from [IR] in §2 below. Here we only mention a reciprocity functor restricts to a covariant functor E k → (Ab), where E k is the category of finitely generated field extensions of k. Here are examples of reciprocity functors:
(i) A commutative algebraic group G over k can be regarded as a reciprocity functor. For any L ∈ E k , G(L) is the group of L-rational points of G. (ii) Let X be a smooth projective k-scheme. We then have a reciprocity functor CH 0 (X) such that
This construction is covariant functorial in X. (The assumption on X can be relaxed, see §2.5 below.) (iii) For X as in (ii), we define CH 0 (X) 0 := ker(π * : CH 0 (X) → CH 0 (Spec k X )), where k X := H 0 (X, O X ) and π : X → Spec k X is the canonical map. If X is connected and admits a zero-cycle of degree one, then we have a decomposition CH 0 (X) ∼ = CH 0 (X) 0 ⊕ Z where Z := CH 0 (Spec k).
Given a family M 1 , . . . , M n of reciprocity functors, a new reciprocity functor T (M 1 , . . . , M n ), called the K-group of reciprocity functors, is constructed in [IR] . The nature of this construction is illustrated by the following examples:
• Let L ∈ E k . If we take M 1 = · · · = M n = G m , then T (G m , . . . , G m )(L) is isomorphic to the Milnor K-group K
• If p = 2, then we have T (G a , G a , M 1 , . . . , M n ) = 0 for any reciprocity functors M 1 , . . . , M n .
• Let X 1 , . . . , X n be smooth projective schemes over k of pure dimensions d 1 , . . . , d n and let r ∈ Z ≥0 . Then we have an isomorphism for any L ∈ E k
where
we put r copies of G m on the left hand side [IR, 5.2.5] . Our main result is the following theorem. Theorem 1.1. Let k be a perfect field and let M 1 , . . . , M n be reciprocity functors. For any smooth projective k-scheme X and for any perfect L ∈ E k , we have
It was suggested by B. Kahn that one should have T (G a , A) = 0 for an abelian variety A. The above theorem immediately implies the following result, which in particular proves this conjecture in characteristic zero. Corollary 1.2. Under the same assumption as Theorem 1.1, for any abelian variety A and for any perfect L ∈ E k we have
(1) If p = 0, we can apply Theorem 1.1 for any L ∈ E k and hence T (G a , A, M 1 , . . . , M n ) = 0 as a reciprocity functor. If p > 0, however, we cannot get the same conclusion, because we do not know if (1.1) holds when L is an imperfect field.
(2) In Theorem 1.1, assume additionally that X has a zero-cycle of degree one, then we obtain
This result should be compared with [H, Thm 4.5] , where Hiranouchi proves a similar statement for his K-groups. Notice that the definition of his Kgroups and the K-groups of reciprocity functors recalled above are completely different and so are the proofs. (3) Theorem 1.1 can be extended to more general X. See Theorem 4.1 for details.
After a brief review of [IR] in §2, we prove Theorem 1.1 when dim X = 1 in §3. This is the main step in the proof. The general case of Theorem 1.1 and Corollary 1.2 will be deduced from this case by a Bertini-type theorem in §4.
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2. Review of reciprocity functors 2.1. Generalities. Let Reg ≤1 be the category of regular k-schemes of dimension ≤ 1, which are separated and of finite type over some L ∈ E k . The category having the same objects as Reg ≤1 but finite correspondences as morphisms will be denoted by Reg ≤1 Cor. A reciprocity functor M is a contravariant functor M : Reg ≤1 Cor → (Ab) satisfying various conditions which we do not recall here. For details, we refer the readers to [IR] . Here we recall a few properties of reciprocity functors.
Before stating them, we introduce a few notations. Let C ∈ Reg ≤1 be a connected regular projective curve over L ∈ E k and x ∈ C a closed point. We write v x for the normalized discrete valuation on L(C) defined by x and we put U (n) 
for the map induced by pull-back along the embedding x → U for each U (resp. by
2.2. Injectivity. Let M be a reciprocity functor and let C ∈ Reg ≤1 be connected with generic point η. The definition of reciprocity functors imposes the induced map M(C) → M(U ) to be injective for any non-empty open subset U ⊂ C. Hence we may view M(C) as a subgroup of M(η).
2.3. Local symbol. Let M be a reciprocity functor and let C ∈ Reg ≤1 be a smooth projective geometrically connected curve over L ∈ E k . Then for all closed points x ∈ C there exists a biadditive pairing called the local symbol
which has the following properties [IR, 1.5.3 ]:
Using the local symbol, we define Fil
2.4. K-group of reciprocity functors. Let M 1 , . . . , M n be reciprocity functors. The K-group of reciprocity functors T (M 1 , . . . , M n ) is a reciprocity functor constructed in [IR, 4.2.4] . We shall need the following properties of
The image of (
is generated by the elements of the form
(iii) Let C ∈ Reg ≤1 be a smooth projective geometrically connected curve over
2.5. Examples of reciprocity functors. As was recalled in the introduction, a commutative algebraic group defines a reciprocity functor [IR, 2.2.2] . Also, a homotopy invariant Nisnevich sheaves with transfers F (in the sense of [V] ) defines a reciprocity functor [IR, 2.3 .5] which we denote by the same letter F . We shall apply this construction to F = CH 0 (X) appearing in the following result.
Theorem 2.6 (Huber-Kahn, [HK, 2.2] ). Let X be a scheme separated and of finite type over k. We assume one of the following conditions:
(1) X is smooth and projective over k.
Then there is a homotopy invariant Nisnevich sheaf with transfers CH 0 (X) such that for any connected smooth scheme U over k
Suppose X is proper over k and put
Remark 2.7. Let C be a connected smooth projective curve over k with generic point η. We can view η canonically as a zero-cycle on C η , i.e. η ∈ CH 0 (C η ) = CH 0 (C)(η). Since the restriction map CH 0 (C)(U ) → CH 0 (C)(η) is an isomorphism for any open dense subscheme U ⊂ C, we have M C,x = CH 0 (C)(η) and
(see (2.1)) for any closed point x ∈ C.
Remark 2.8. Let L ∈ E k be a perfect field. Given a reciprocity functor N over k, we denote by N L the reciprocity functor over L obtained by restricting N . Let M 1 , . . . , M n be reciprocity functors over k. Then it follows directly from the universal property of the K-groups see [IR, 4.2.4 ] that we have a natural surjection of reciprocity functors over L
sending a symbol m 1 ⊗ . . . ⊗ m n viewed as an element in the left hand side to the same symbol viewed as an element in the right hand side. In fact it is not hard to show that this map is an isomorphism. But we do not need this in the following and therefore leave the proof to the interested reader.
Lemma 2.9. Let M 1 , . . . , M n be reciprocity functors. For any finite field extension L/k, the trace map
is surjective. 
Proof. Since k is perfect the trace map Tr
and we are done.
Case of curves
In this section, we prove Theorem 1.1 assuming dim X = 1. In what follows we use the abbreviation
. . , M n ). By Remark 2.8 and Lemmas 2.9, 2.10, we may assume that X has a k-rational point. We may further assume that X is connected. Thus we have a splitting of reciprocity functors CH 0 (X) ∼ = CH 0 (X) 0 ⊕ Z, which implies the injectivity of the natural map
By §2.4 (ii) and Remark 2.8, it suffices to show that for any elements a ∈ k \ {0},
Note that we use CH 0 (X) instead of CH 0 (X) 0 . This is justified by (3.1). Given N ∈ Z, we write (N, p) = 1 to mean "N = 0" if p = 0 and "N is prime to p" if p > 0. Since T (G a , CH 0 (X), M)(k) is annihilated by p, we may assume (n i , p) = 1 for all i. Further we may assume n 1 = 1. Else replace ζ by ζ + div(h), where we choose h ∈ k(X) × with v x1 (h) = n 1 − 1. By the Approximation Lemma we find a function f ∈ k(X) × such that (3.2) v xi (f ) = n i , for all i = 1, . . . , r.
Since n 1 = 1 the function f is a local parameter at x 1 and since k(x 1 )/k is separable there exists an open neighborhood of x 1 in X which isétale over Spec k [f ] . In particular the function f is a separating transcendence basis of k(X)/k and thus Ω
We have the residue map ∂ x : H 1 x → k(x) at our disposal (cf. [Se, Chap. II] ) and we denote by Res x = Tr k(x)/k • ∂ x : H 1 x → k the composition with the trace. By duality theory (see e.g. [Ha, III, Rmk 7 .14]) we have an exact sequence
x be the element given by
where t i ∈ O X,xi is a local parameter at x i . We have
and hence
Thus by the exact sequence (3.3) there exists a form
. . , r, and ω ∈ x∈X\{x1,...,xr}
Let x ∈ X be a closed point. Let t ∈ O X,x be a local parameter at x. Since k(x)/k is separable we can identify the completion of O X,x as a k-algebra with the formal power series ring k(x) [[t] ] and the completion of Ω
We denote by π : X → Spec k the structure map and write π * m instead of π * m 1 ⊗ . . . ⊗ π * m n . Let η ∈ X be the generic point of X which we regard as an element of CH 0 (X)(η), see Remark 2.7. We shall compute the local symbol (ag ⊗ η ⊗ π * m, f ) x (2.2) for all closed points x ∈ X. We consider five cases.
1st case: x = x i for some i ∈ {1, . . . , r}. We have by (3.2) f = t ni i u i with u i ∈ O × X,xi . Thus (3.4) (and (n i , p) = 1) yields g ∈ O × X,xi and g(
where we denote by π i : x i → Spec k the finite morphism induced by π, s xi is the specialization map at x i (2.1) and the last equality follows from the projection formula (2.6) and the fact that the pushforward π i * : CH 0 (X)(x i ) = CH 0 (X xi ) → CH 0 (X) = CH 0 (X)(k) sends x i as a cycle on X xi to x i viewed as a cycle on X.
2nd case:
X,x and g ∈ O X,x . In this case we clearly have (1 + a i t i ))u r ,
], a i ∈ k(x) and r ≥ 1. For i ∈ {1, . . . , r} we claim that a i = 0 if (i, p) = 1. Else let i 0 be the smallest integer i ∈ {1, . . . , r} with (i, p) = 1 and a i = 0. Then
Since g df f and g dur ur are regular we obtain
which is only possible if i 0 = 0; a contradiction. Since k(x) is perfect we can therefore write f in the form
5th case: x ∈ |div(f )| \ {x 1 , . . . , x r } and (v x (f ), p) = 1. In this case we can write f = t vx(f ) u with t ∈ O X,x a local parameter at x and u ∈ O × X,x a unit. Then
where the second summand on the right is zero by case 3 or 4. All together the reciprocity law (2.
This finishes the proof.
Remark 3.1.
(1) One could generalize the above result to the non-perfect field case, if one could positively answer the following:
Question: Let L ∈ E k , X a regular irreducible projective curve over L with generic point η ∈ X, and x ∈ X a closed point. Let M be a reciprocity functor. Is there a well-defined morphism
(2) Actually the above question is only a particular instance of the question, whether for a reciprocity functor M the symbol
Completion of the proof
We prove the following result, which implies Theorem 1.1 as a special case. 
4.2. Case of curves. In this subsection, we prove Theorem 4.1 assuming dim X = 1. For a separated k-scheme X of finite type, we write Z 0 (X) 0 for the preimage of CH 0 (X) 0 in the group of zero-cycles Z 0 (X) on X.
Lemma 4.3. Let X be a reduced 1-dimensional proper k-scheme and let φ :X → X be its normalization. Let Z ⊂ X be the set of non-regular points on X. Assume that for any z ∈ Z and z ′ ∈ φ −1 (z), we have k(z ′ ) = k(z) = k. Then the restriction
of the push-forward φ * : Z 0 (X) → Z 0 (X) is surjective.
Proof. We may assume X is connected. If X is regular, the statement is trivial. Hence we suppose Z = ∅ and take z ∈ Z so that k(z) = k by assumption. Then Z 0 (X) 0 is generated by elements of the form x − mz for closed points x ∈ X and m := [k(x) : k]. Since X is connected there exist irreducible components X 1 , X 2 , . . . X n of X such that x 0 := x ∈ X 1 , x n := z ∈ X n and X i ∩ X i+1 = ∅, for 1 ≤ i ≤ n − 1. Pick x i ∈ X i ∩ X i+1 ⊂ Z. Then x − mz = (x − mx 1 ) + m n−1 i=1 (x i − x i+1 ) in Z 0 (X) 0 . Since the restriction of φ defines an isomorphism X \ φ −1 (Z) → X \ Z, and since φ is surjective, (x − mx 1 ) and (x i − x i+1 ) are in the image of φ * |Z0(X) 0 for all i, hence so is x − mz. Now we prove Theorem 4.1 assuming dim X = 1. Clearly we may assume that X is reduced. Further, by Remark 2.8 and Lemmas 2.9, 2.10, we may suppose that the assumption of Lemma 4.3 is satisfied and that L = k. Then Lemma 4.3 implies that φ induces a surjection
but T (G a , CH 0 (X) 0 , M)(k) = 0 by the result of §3. This completes the proof.
4.4. General case. We complete the proof of Theorem 4.1.
Lemma 4.5. Suppose k is an infinite field. Let X be a proper connected scheme over k such that dim X ≥ 2. Let α ∈ CH 0 (X) 0 . Then there exists a closed 1-dimensional connected subscheme C ⊂ X such that α belongs to the image of the push-forward CH 0 (C) 0 → CH 0 (X) 0 .
